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A macroscopic model of the process of magnetophoretic separation of slightly magnetic particles from a sus-
pension under the action of a high-gradient magnetic field with account for the particle size is proposed. The
mechanisms of separation of dia- and paramagnetic particles from a narrow fluid layer in an inhomogeneous
field of a magnetized rod have been investigated.
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Introduction. The development and introduction of medical technologies connected with the transplantation of
cells require the elaboration of methods for cell sorting. The existing methods are based on the discrimination of cells
by the specific weight and immune markers on the surface. Their application involves multistage manipulations, re-
quires expensive preparations, and is accompanied by considerable losses and a decrease in the vital activity of func-
tional cells. Additional possibilities of sorting cells are provided by the difference in their magnetic properties. Interest
in magnetic separation of cells arose in the 1970s [1] due to the fact that the magnetic field combining a high inten-
sity with a strong small-scale inhomogeneity could be used to separate from a fluid very small slightly magnetic par-
ticles including particles of cell suspensions. Since that time the main objects of magnetophoretic investigations have
been the component elements of blood, especially erythrocytes whose magnetic properties are highly sensitive to a
change in the state of the heme molecule in redox reactions [2–4]. In [5], the possibility of magnetic enrichment and
cleaning of a suspension of insulin-producing cells to be transplanted to patients with diabetes mellitus was shown.
The development of a technology of magnetic sorting of cells and other slightly particles calls for the solution of a
complex of scientific and engineering problems. Earlier we considered methods for calculating the structure of the
magnetic field of filters [6–8] and methods for investigating the magnetophoretic behavior and magnetic properties of
individual slightly magnetic particles and cells [5, 9, 10]. An important problem for the technology of magnetophoretic
separation is the investigation of the macroscopic effect of separation of particles from the suspension volume. The
aim of the present work is to construct a mathematical model and investigate numerically the process of separation of
slightly magnetic particles from the suspension filling the vertical flat channel under the action of a high-gradient mag-
netic field creating an electrodynamic force in the channel plane across the gravity force.

Geometry and Formulation of the Problem. The geometry of the problem under consideration is given in
Fig. 1. The suspension with particles is in the narrow slit channel 1 whose face is touched by a ferromagnetic rod 2
of rectangular cross-section of thickness 2a exceeding 2–3 times the thickness of the channel. The length of the rod C
is much larger than its two other dimensions. The external homogeneous field H0 is applied across the rod in the
channel plane and magnetizes the rod to saturation. Associated with the channel is the Cartesian coordinate system X,
Y, Z. Let us formulate a model of the behavior of individual particles. Under the action of the magnetic force created
by the inhomogeneous field of the rod the horizontal motion of particles in the gravitational field is superimposed on
the vertical motion. Its description is based on the macroscopic approach and presupposes a uniform distribution of
magnetization in the volume of a particle (cell), which is fully acceptable in studying its mechanical behavior as a
whole. According to the electrodynamics of continua [11], a body of volume V having magnetic susceptibility χ and
placed into a medium with susceptibility χ0 in an inhomogeneous magnetic field H whose scale of inhomogeneity is
large compared to the dimensions of the body is subjected to the electrodynamic force
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1
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 ΔχV∇H
2
 ,     Δχ = χ − χ0 . (1)

The magnetic field is given by the sum of the external field and the self-field of the magnetized rod, H =
H0 + H ′. Using the half-thickness of the rod a as a scale distance and the quantity 2πIs, where Is is the magnetization
of the rod saturation, as a field scale, we write the distribution of the self-field intensity in the form [10]
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Here x = X ⁄ a, y = Y ⁄ a, b = B ⁄ a. Taking into account the homogeneity of the external field, let us reduce the expres-
sion for the magnetic force (1) to the form

Fm = − ∇Φ ,     Φ = − 2ΔχV (πIs)
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where the magnetophoretic potential Φ was introduced. Choosing the quantity Φ∗ = 2ΔχV(πIs)
2 as a scale of magne-

tophoretic potential, let us write the dimensionless potential

 ϕ = 
Φ

Φ∗
 , (4)

where ϕ = −h2 = Peh, P = H0
 ⁄ (πIs).

The thus dedimensionalized magnetophoretic potential pertains to paramagnetic particles and that taken with
the opposite sign pertains to diamagnetic particles. In so doing, paramagnetic particles move in the direction of the
minimum of the potential Φ and diamagnetic ones move in the direction of its maximum. The isolines of the magne-
tophoretic potential in the band −1 < x < 1, y > 0, for typical conditions a = 0.2 mm, B = 5 mm, H0 = 9 kOe, Is =
1700 G (P = 1.7) are given in Fig. 2. It is seen that in the middle part of the band the potential changes slightly in
the transverse direction. If the slit channel adjoining the rod has a thickness less than half of the rod thickness, then
the motion of particles across the channel can be neglected.

Fig. 1. Scheme of the problem: 1) channel; 2) ferromagnetic rod.

Fig. 2. Isolines of the magnetophoretic potential.
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Let us write the equation of motion of a particle in the inertialess approximation from the condition of mutual
compensation of the magnetic, sedimentation, and viscous forces:

v � 
dR
dt

 = αF ,     F = Fm + gΔρV .
(5)

We obtain the equation describing the change in the particle density in the channel with the time of action of
the field from the law of conservation of the number of particles:

∂n
∂t

 = − div J ,
(6)

where J = n⋅v is the particle flux, n is the numerical concentration of particles, and v is the velocity defined by Eq. (5).
Note that the model under consideration does not take into account the Brownian thermal diffusion of particles. For
the typical cell size dc = 10 μm, the fluid viscosity η = 10−2 P, and the temperature T = 300 K, and the characteristic
time of thermal diffusion τβ = 3Vη ⁄ (kBT) � 103 sec. In this time the particle under the action of random force shifts
for a distance of the order of its diameter. The model under consideration is applicable when the magnetophoresis rate
is much higher than the estimated thermal diffusion rate. Note that if this condition is not fulfilled, then the use of the
magnetophoretic method of separation of particles makes no sense.

To describe the process of accumulation of particles on the faces, it is necessary to take into account the de-
crease in their mobility with increasing concentration. Let us denote the highest possible concentration corresponding
to the concentration in a freely sedimented layer by n∗. At this concentration the coefficient of mobility of particles
goes to zero. It should be taken into account that the mobility of a particle in a strongly stratified suspension depends
on the direction of motion. Consider a particle situated at the boundary of a completely deposited layer. Obviously, its
mobility in the direction of the layer is equal to zero, and in the opposite direction it is comparable to the mobility
of a free particle. Moreover, since the sizes of the considered region are comparable to the particle size, the finite size
of particles should be taken into account in the macroscopic model. This can be done in the expression for the coef-
ficient of mobility assuming that the mobility at a certain point is determined by the concentration existing at a dis-
tance of the particle diameter from the given point in the direction of the force acting on the particle. For example,
the mobility of a particle in the direction of the deposited layer of particles is assumed to be equal to zero at a dis-
tance of the diameter from the boundary layer formed by the centers of particles on its surface. Thus, we find the co-
efficient of mobility of particles in the form
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and the particle flux density is found in the form
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Having introduced the relative volume concentration of particles c = n ⁄ n∗, we write the transfer equation in the fol-
lowing form:
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We assume that the channel under consideration has a larger length compared to the thickness and the width and the
sedimentation rate of particles is small, so that at a distance from the upper and lower edges of the channel the con-
centration can be assumed to be independent of the vertical direction. We do not take into account the motion of par-
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ticles across the channel (along the OX axis), since the magnetic force acting in this direction, as was shown above,
is small. Thus, we arrive at a one-dimensional problem. Using the distance scale a, the magnetic force scale F∗ =

⏐Δχ⏐V(2πIs)
2 / (2a), and the time scale t∗ = 2a2[α0⏐Δχ⏐V(2πIs

2)]−1, we reduce Eq. (9) for this case to the dimension-
less form

∂c (τ, y)
∂τ

 + 
∂j
∂y

 = 0 ,     j = c (τ, y) f [1 − c (τ, y − d sign (Δχ))] . (10)

Here τ = t ⁄ t∗; y = Y ⁄ a; f = Fmy⏐x=0  / F∗ = −∂ϕ(0, y) / ∂y; it was taken into account that the direction of the magnetic
force is determined by the sign of Δχ.

Let us formulate the initial and boundary conditions. We assume that in the initial state the particles are uni-
formly distributed in the cell volume: n(0, y)  = n0, and at the boundaries the impermeability condition j⏐y=0 = 0,
j⏐y=L = 0 is fulfilled.

Finite-Difference Scheme. Let us formulate the finite-difference approximation of the above system of equa-
tions, for which we introduce the space-time grid (τj, yj). The number of discretization intervals along the OX axis is
equal to N, the step on the coordinate sy = L ⁄ N, and the time step sτ = syK. Note that the choice of the space step
in the considered problem presents a certain methodological problem because of the existence of a sharp boundary of
the deposited layer of particles. On the one hand, the macroscopic approach presupposes consideration of elementary
volumes containing a large number of particles. On the other hand, the account of the particle size used here in the
expression for the coefficient of mobility presupposes the knowledge of the concentration with a step equal to the par-
ticle diameter. Choosing a step equal to the diameter, we can satisfy both requirements, since the considered flat layer
of thickness equal to the diameter contains a large number of particles.

Consequently, giving the initial relative concentration of particles c0 and the sign of the difference between
the susceptibilities of the particles and the fluid sign (Δχ) = �1, we write the finite-difference algorithm for calculating
the change in the concentration:

c0,k = c0 ,     k = 0, 1, ..., N ;

ci+1,k = ci,k + 
K
2

 (ji,k−1 − ji,k+1) ,     ji,k = ci,k fk [1 − ci,k−sign(Δχ)] ,     k = 1, 2, ..., N − 1 ;

ci+1,0 = ci,0 − Kji,1 ,     ci+1,N = ci,N + Kji,N−1 ,      ji,0 = ji,N = 0 .

Results of the Calculations. Consider the behavior of suspensions of dia- and paramagnetic particles under
the action of the magnetic field of a rod with the above characteristics.

The change with time in the concentration profiles in the suspensions of dia- and paramagnetic particles cal-
culated for c0 = 0.2 and N = 2000 is shown in Fig. 3. As is seen, in the process of separation of particles in the layer
three regions are formed: the sediment region (c = 1), the region of purified fluid (c = 0), and the intermediate region.
The fundamental difference between dia- and paramagnetic particles is that the particle concentration in the intermedi-
ate region in the first case is larger than the initial concentration c0, and in the second case it is smaller. The width

Fig. 3. Change in the concentration profile of diamagnetic (a) and paramag-
netic (b) particles depending on the time of exposure to the field: 1) τ = 0;
2) τ0

 ⁄ 2; 3) τ0.

218



of the layer of the fluid cleaned from diamagnetic particles increases with time faster than that of the fluid cleaned
from paramagnetic particles. The nature of such behavior is due to the character of the change in the magnetic force
in the layer (see Fig. 4). Let us introduce the degree of sedimentation ξ as a ratio of the number of separated particles
to their total number: ξ = Hs

 ⁄ (c0L). Here Hs is the width of the sediment layer; L is the width of the channel (in
units of a). The time dependences of the degree of sedimentation of paramagnetic and diamagnetic particles are given
in Fig. 5. They have, respectively, a convex and a concave character, i.e., the sedimentation of paramagnetic particles
is more intensive at the initial stage of the process, and that of diamagnetic particles — at the final stages. The de-
pendence of the time of complete separation of paramagnetic and diamagnetic particles on the channel width is given
in Fig. 6. As is seen, the sedimentation of diamagnetic particles requires more time.

Conclusions. The results of the numerical investigations agree with the physical notions about the character of
magnetophoresis in dia- and paramagnetic suspensions, which makes it possible to draw the conclusion that the pro-
posed model taking into account the finite size of particles can be used to study the macroscopic effect of separation
and optimize the geometric characteristics and operational conditions of high-gradient magnetic filters depending on the
properties of separated suspensions and requirements on separation results.

This work is part of the GKPNI project "Modern technologies in medicine," No. 93.

NOTATION

a, half-thickness of the magnetic rod, cm; B, width of the magnetic rod, cm; b, dimensionless width of the
magnetic rod; e, unit vector in the direction of the external magnetic field; c, dimensionless concentration; c0, initial
dimensionless concentration; d, particle diameter, cm; f, dimensionless magnetophoretic force; F∗, force scale, dyn;
Fm, magnetophoretic force, dyn; g, vector of gravitational acceleration, cm ⁄ sec2; H, magnetic field, Oe; H ′, self-mag-
netic field of the rod, Oe; H0, external homogeneous magnetic field, Oe; h, dimensional self-magnetic field intensity;
hx, hy, components of the dimensional vector of magnetic field intensity; Is, saturation magnetization of the magnetic
rod, G; j, particle flux, cm−2⋅sec−1; K, coefficient relating the time and coordinate steps; kB, Boltzmann constant; L,

Fig. 6. Dependence of the time of complete separation of paramagnetic (1) and
diamagnetic (2) particles on the channel width.

Fig. 4. Dimensionless magnetic force as a function of the dimensionless dis-
tance to the rod.

Fig. 5. Time dependence of the degree of sedimentation for paramagnetic (1)
and diamagnetic (2) particles. ξ, %.

219



channel width, dimensionless quantity; N, number of discretization intervals; n, numerical concentration, cm−3; n∗,
highest possible concentration in the sedimentation layer, cm−3; P, dimensionless intensity of external field; R, radius
vector, cm; sy, coordinate step; sτ, time steps; t, time, sec; T, temperature, K; t∗, time scale, sec; V, particle volume,
cm3; v, particle velocity, cm ⁄ sec; X, Y, Z, Cartesian coordinates, cm; x, y, dimensionless Cartesian coordinates; α, co-
efficient of mobility of particles, sec⋅g−1; α0, coefficient of mobility of a solitary particle in unlimited volume of fluid,
sec⋅g−1; Δρ, density difference between the particle and the fluid, g⋅cm−3; Δχ, magnetic susceptibility difference be-
tween the particle and the fluid; χ, magnetic susceptibility of particles; χ0, magnetic susceptibility of the carrier me-
dium; η, viscous friction coefficient, P; ξ, degree of sedimentation of particles; τ, dimensionless time; Φ, magnetopho-
retic potential, Erg; Φ∗, scale of magnetophoretic potential, Erg; ϕ, dimensionless magnetophoretic potential. Sub-
scripts: s, saturation; m, magnetophoretic; c, cell.

REFERENCES

1. J. A. Oberteuffer, Magnetic separation: a review of principles, devices, and applications, IEEE Trans., Magnet-
ics, MAG-10, No. 2, 223–238 (1974).

2. P. Melville, F. Paule, and S. Roath, High gradient magnetic separation of red cells from whole blood, IEEE
Trans., Magnetics, Mag-11, No. 6, 1701–1704 (1975).

3. Yu. A. Plyavin’ and E′. Ya. Blum, Magnetic properties and para- and diamagnetophoresis of blood cells in
high-gradient magnetic separation, Magnitn. Gidrodin., No. 4, 3–14 (1983).

4. M. Zaborowski, G. R. Ostera, L. R. Moore, S. M. Chalmers, and A. N. Schechter, Red blood cell magnetopho-
resis, Biophys. J., 84, 2638–2645 (2003).

5. V. A. Goranov, A. M. Zholud’, B. E′. Kashevskii, and A. I. Prokhorov, Magnetophoretic behavior of a cell sus-
pension of the pancreas of a rabbit, Proc. All-Union Conf. "Physicochemical and Applied Problems of Magnetic
Disperse Nanosystems," Stavropol (2007), pp. 264–266.

6. B. E′. Kashevskii, Magnetophoretic potential of a plane-ordered system of ferrocylinders. 1. Circular cylinders,
Inzh.-Fiz. Zh., 76, No. 6, 70–74 (2003).

7. B. E′. Kashevskii, Magnetophoretic potential of a plane-ordered system of ferrocylinders. 2. Rectangular cylin-
ders, Inzh.-Fiz. Zh., 76, No. 6, 75–79 (2003).

8. B. E′. Kashevskii, Magnetophoretic properties of a volume-ordered system of rectangular ferrocylinders, Inzh.-
Fiz. Zh., 78, No. 3, 44–50 (2005).

9. B. E′. Kashevskii, S. B. Kashevskii, and I. V. Prokhorov, Investigation of the magnetophoretic properties of
low-magnetic microparticles, Inzh.-Fiz. Zh., 78, No. 3, 38–43 (2005).

10. B. E′. Kashevskii, I. V. Prokhorov, S. B. Kashevskii, P. Yu. Istomin, and E. N. Aleksandrova, Magnetophoresis
and magnetic susceptibility of tumor cells HeLa, Biophysics, 51, No. 6, 1026–1032 (2006).

11. L. D. Landau and E. M. Lifshits, Electrodynamics of Continuous Media [in Russian], Nauka, Moscow (1982).

220



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [594.000 792.000]
>> setpagedevice


